Recently for the sine-Gordon equation it has been established that during collisions of N slow kinks maximal energy density increases as N 2 . In this numerical study, the same scaling rule is established for the non-integrable φ 4 model for N ≤ 5. For odd (even) N the maximal energy density is in the form of potential (kinetic) energy density. Maximal elastic strain is also calculated. In addition, the effect of the kink's internal modes on the maximal energy density is analysed for N = 1, 2, and 3. Our results suggest that in multi-soliton collisions very high energy density can be achieved in a controllable manner.
I. INTRODUCTION
Solitons play an important role in a wide range of areas such as optics [1, 2] , superconducting Josephson junction arrays [3] [4] [5] , particle and nuclear physics [6, 7] , condensed matter physics [8] [9] [10] , and many others [11] [12] [13] [14] . The φ 4 model, which is a particular case of the Klein-Gordon equation, was extensively studied in relation to the resonant kink-antikink scattering [15] [16] [17] [18] , kinks interaction with defects [11, [19] [20] [21] [22] , with the periodically modulated on-site potential [24] , and with ac external force [25] . The effect of discretization scheme on the properties of the φ 4 kinks has been analysed in [26] [27] [28] . Solitons in nonintegrable models can support internal vibrational modes [29] which make soliton dynamics much richer than in the integrable sine-Gordon equation [12, 13, 25, [30] [31] [32] [33] , since energy exchange between translational and vibrational modes is possible.
Solitary waves are very robust with respect to small perturbations, they can travel long distances and survive collisions with each other and thus, they are very efficient in energy transfer. Colliding solitons can produce high energy density spots and for many applications it is important to know how large the energy density can be in multi-soliton collisions. Recently we have addressed this issue in the realm of the integrable sineGordon equation [35] . It was found that maximal energy density that can be observed in collision of N slowly moving kinks/antikinks is proportional to N 2 , while total energy of the system is proportional to N . Such a high energy density can be achieved only if the kinks and antikinks approach the collision point in an alternating array, where each soliton has nearest neighbors * Electronic address: saadatmand.d@gmail.com of the opposite topological charge and thus, all solitons attract their nearest neighbors. Interestingly, when N is odd (even) the maxiaml energy density is in the form of potential (kinetic) energy with kinetic (potential) energy being zero. In the present study the same problem is addressed for the φ 4 model to see the effect of nonintegrability of the model and the effect of the kink's internal modes (IM) on the maximal energy density and on the scenarios of multi-kink collisions.
The paper is organized as follows. In Sec. II the problem to solve is described. In Sec. III, by integrating numerically the φ 4 equation of motion, we estimate the maximal energy density observed in the collision of N slowly moving kinks and antikinks with no initially excited kink's IM. The effect of the initially excited kink's IM on the maximal energy density is discussed in Sec. IV for N = 1, 2, and 3. The key results of the present study are summarized in Sec. V.
II. GENERAL STATEMENTS
We consider the following φ 4 equation in (1+1) dimension
where φ(x, t) is the scalar field and lower indices indicate partial differentiation. The total energy of the field is given by
where the first to the third terms in the right-hand side give the kinetic energy, K, the elastic strain energy, E, and the on-site potential energy, P , respectively. The corresponding integrands describe the three contributions to the total energy density of the φ 4 field,
Elastic strain is defined as follows
which is positive (negative) for tension (compression). The exact solitary wave solution to the φ 4 field Eq. (1) is the kink (antikink)
where V is the kink velocity and δ = 1/ √ 1 − V 2 is the kink inverse width. The upper (lower) sign in Eq. (5) corresponds to the kink (antikink). Substituting Eq. (5) into Eq. (2) one finds the total energy of the kink
For the non-integrable φ 4 equation exact N -soliton solutions are not known. However, it is obvious that the total energy of N non-overlapping kinks/antikinks is equal to N U .
In this study, we will consider only slow solitons (|V | ≪ 1) so that δ ≈ 1. Then, we can write approximately that for one slow kink U ≈ 4/3, and for N slow kinks/antikinks total energy is about 4N/3.
To perform numerical simulations, the discrete version of Eq. (1) is proposed as follows
where h is the lattice spacing, n = 0, ±1, ±2, ..., and φ n (t) = φ(nh, t). In order to minimize the effect of discreteness, the term φ xx in Eq. (7) is discretized with the accuracy O(h 4 ) [12, 35] . The equations of motion in the form of Eq. (7) were integrated with respect to the time using an explicit scheme with the time step τ and the accuracy of O(τ 4 ). The simulations reported here were carried out for h = 0.1, h = 0.05 and τ = 0.005.
For the sine-Gordon equation it has been shown that N kinks/antikinks can collide at one point if each of them has nearest neighbors with the opposite topological charge, and thus all quasiparticles are mutually attractive [35, 36] . Here we also set initial conditions with the help of the exact single-soliton solution Eq. (5) in a way that the solitons initially do not overlap and have alternating topological charges. Solitons in the middle of the array have smaller velocities, while those further from the middle have larger absolute values of the velocities chosen such that all of them collide at one point.
III. MAXIMAL ENERGY DENSITY AND STRAIN IN THE COLLISION OF N KINKS AND ANTIKINKS
In this Section, we first give the exacts values of the maxiamal energy densities and maximal elastic strain for the single standing kink. Then the same quantities are calculated numerically for N slowly moving kinks and antikinks colliding at one point (N = 2, 3, 4, and 5).
A. Case N = 1 Substituting Eq. (5) with V = 0 into Eq. (3) the maximal values of the energy densities of standing kink or antikink can be found as
For N = 1 total maximal energy density, u
max , is equal to the sum of k (1) max , e (1) max , and p (1) max . It will be seen later that this is not so for N > 1.
By substituting Eq. (5) with V = 0 into Eq. (4) one finds the extreme values of strain as
where the first (second) result is for the kink (antikink). Fig. 1 for the time domain close to the collision point. In (a) the regions of the (t, x)-plane with the total energy density u > 1/2 are shown to reveal the cores of the solitons. In (b) to (f), as the functions of time, shown are the maximal over x values of u, k, e, p, and ε, respectively. From (a) it can be seen that a bound state of the kink and antikink is formed and they collide many times. From (b) to (f) it follows that in the first collision the maximal values of the energy densities and extreme values of the elastic strain are 
min ≈ −1.
It is clear that k
max . This can be explained by careful observation of Fig. 1 . From (c) it can be seen that during a kink-antikink collision maximal over x kinetic energy density has two sharp peaks, while from (e) it is seen that in between these peaks p max (t) has a sharp peak. From (d) it follows that e max (t) is nearly zero during the kink-antikink collision and its maximal value is observed for the well separated solitons. Thus, maximal values of k (2) max , e (2) max , and p (2) max are observed at different times and that is why their sum is greater than u (2) max . We note that the above results depend on the lattice spacing used in the simulations. Particularly, the maximal total energy density in the first collision is found to be u Another important comment is that the maximal values of the analysed quantities observed in the subsequent collisions can be greater than in the first collision, in spite of the fact that in each collision the kink-antikink pair radiates a portion of energy in the form of small-amplitude running waves. This can be explained by the kink's internal modes that are excited during the first collision. The effect of the kink's internal modes will be addressed in more detail in Sec. IV. The maximal values of the energy densities and tensile and compressive strain are
More precisely, u In the initial configuration shown in Fig. 3 (a) , solitons 1 and 3 are the kinks, while 2 and 4 are the antikinks. They collide at one point provided that their initial coordinates and velocities are chosen as follows:
It can be seen in Fig. 3 (b-f) that at the point of collision of the four kinks 
More precisely, for h = 0.1 the largest energy density we could obtain by varying the parameter x 1 = −x 4 was u In the initial configuration shown in Fig. 4 (a) , solitons 1, 3, and 5 are kinks and 2 and 4 are antikinks. The kink 3 is located at the origin and initially it is at rest, x 3 = 0 and V 3 = 0. The antikinks 2 and 4 have velocities V 2 = −V 4 = 0.025 and initial positions x 2 = −x 4 = −14.0. By symmetry the solitons 2, 3, and 4 collide at one point. For the kinks 1 and 5 we take two times larger velocities V 1 = −V 5 = 0.05 and choose their initial coordinates to achieve the collision of five solitons at one point. This happens for x 1 = −x 5 = −28.192867. As it can be seen from Fig. 4(b-f) , when five solitons collide, 
More precisely, the maximal energy density is u Table I . 
IV. EFFECT OF KINK'S INTERNAL MODE
In this Section, we consider collisions of the kinks bearing IM taking for the lattice spacing h = 0.005. An approximate solution to Eq. (1), which leads to the kink with the IM having amplitude A and frequency ω = √ 3, is considered as follows [11] Φ(x, t) = φ(x, t) + Aη(x, t),
in which η(x, t) describes the kink's IM profile in the following form
Firstly we excite IM with the amplitude A = 0.05 on a standing kink and calculate maximal over x total energy as the function of time, u max (t). The result is presented in Fig. 5 . It can be seen that u max oscillates with the period T = 3.64 and frequency ω = 2π/T ≈ √ 3 about the value u (1) max = 1. Let us denote the amplitude of oscillation of u max as a. In this example a = 0.062. In Fig. 7 (a) the amplitude a is plotted as the function of the IM amplitude A to reveal the linear relation between them.
Secondly we consider the symmetric collisions of kink and antikink each bearing IM of amplitude A = 0.05. Solitons' initial velocities are V 1,2 = ±0.1 and initial positions are x 1,2 = ∓10 ± ∆x, where parameter ∆x is introduced to study the effect of IM phase on the collision. In Fig. 6 (a) the maximal energy density in collision of two kinks bearing IM is shown as the function of ∆x. This function oscillates near the value u (2) max = 2.16 with the period V 1 T = 0.364, where T = 3.64 is the IM oscillation period. The oscillation amplitude in this example is a = 0.17. In Fig. 7 (b) the amplitude a is plotted as the function of the IM amplitude A in the loglog scale to demonstrate the quadratic relation between them, a ∼ A 2 .
Finally, we study symmetric kink-antikink-kink collisions with two kinks bearing IM of amplitude A = 0.05 and antikink free of IM. The solitons' initial positions are x 1 = −20 + ∆x, x 2 = 0, and x 3 = 20 − ∆x, while velocities are V 1 = 0.1, V 2 = 0, and V 3 = −0.1. Maximal total energy observed in the collisions, u max , is shown in Fig. 6 (b) as the function of ∆x. This function oscillates near the value u 
V. CONCLUSIONS AND FUTURE CHALLENGES
In this paper, the maximal energy densities and extreme values of elastic strain in the collision of N slow kinks/antikinks (with N ≤ 5) in the non-integrable φ 4 model were calculated numerically. Our results are collected in Table I .
We conclude that the maximal total energy density that can be achieved in collision of N slow kinks/antikinks in the φ 4 model is equal to
The same rule was found earlier for the sine-Gordon equation [35] .
These values of the maximal total energy density can be achieved when all N kinks/antikinks collide at one point. This happens when the kinks and antikinks approach the collision point alternatively (i.e., no two adjacent solitons are of the same type). When arranged in this way, the solitons attract each other and their cores can merge producing a controllably high energy density spots, as we have demonstrated herein.
We have separated the total energy density, u, into three components, the kinetic energy density, k, the elastic strain energy density, e, and the potential energy density due to the on-site potential, p. Their maximal values observed in the collisions of N kinks/antikinks are also given in Table I . We note that k (N ) max increases rapidly with N for even N , while for odd N a rapid growth with N is observed for e (N ) max . These two energy densities have a dominant contribution to the maximal total energy density.
For many applications, e.g., in the solid state physics, it is important to know the maximal values and the sign of the maximal elastic strain observed in N -soliton collisions. The last two lines of Table I contain this information. For N = 3 the maximal tensile strain of 2.5 is registered, which is 2.5 times larger than in the core of a single kink. For N = 5, maximal compressive strain of −5 is observed, which is 5 times larger than in the core of an antikink.
In Sec. IV, the effect of kink's IM on the maximal total energy density was studied for single standing kink, for the kink-antikink collisions, and for the kink-antikinkkink collisions. The results presented in Fig. 7 can be summarized as follows. The variation of total energy density, u max , due to the kink's IM increases linearly with IM amplitude, A, in the cases of single-kink and kinkantikink-kink collisions, while for the kink-antikink collisions it increases with A quadratically. For the maximal studied IM amplitude of A = 0.1 the maximal increase in u (1) max due to the excitation of IM is 12 %, in u (2) max it is 5 %, and in u (3) max it is 7 %.
For the future works, it is important to calculate the maximal energy density that can be achieved in multisoliton collisions in other integrable and non-integrable systems of different dimensionality. For example, one can examine similar issues and design such collisions in other Klein-Gordon field theoretical models (e.g. in the φ 6 , φ 8 , or φ 12 models [30] [31] [32] [33] ), as well as in the nonlinear Schrödinger equation. It would be particularly interesting to explore if the relevant phenomenology persists therein. Next, it would be extremely interesting to search for the physical phenomena that can be related to the high energy density spots or/and highly strained regions generated by multi-soliton collisions. Some of these ideas are under consideration and will be reported in the future works.
